Abstract. We show the soliton solutions of the integrable Manakov equations exhibit an instability under arbitrarily small Hamiltonian perturbations. The instability arises from eigenvalues embedded in the essential spectrum of the associated linearized operators; these eigenvalues are dislodged by smooth perturbations. Speci cally we consider perturbations which arise in ber optics as a result of birefringence, including the so-called four-wave mixing term. Employing the Evans function and a Dirichlet expansion on the stable manifold of the linearized system, we obtain rigorous perturbation results and compute the stability diagram of the fast wave for all physical values of the birefringent parameters, using a novel numerical scheme derived from the Dirichlet expansion.
1. Introduction. Soliton pulses form the backbone of high speed ber-optic telecommunication systems and hold great potential in all optical switching devices. Attempts to further increase bit rates exploit the robust elastic collision properties of solitons, in particular novel soliton packing schemes propose to subdivide information streams into di erent wavelengths { wavelength division multiplexing (WDM), or into orthogonal polarizations { polarization division multiplexing (PDM) 9]. However, a proper modeling of these schemes, especially to address stability properties, requires careful attention to the various perturbations which are present in optical systems.
To model the interaction of the orthogonal polarizations of a pulse, the widely studied nonlinear Schr odinger equation (NLS) is extended to the integrable Manakov system. However, ber-optic systems exhibit birefringence, di ering phase and group velocities for di erent polarizations, as well as nonlinear interactions between polarizations dependent upon amplitude { cross-phase modulation (XPM), and upon complex phase { four-wave mixing (FWM). The nonlinear terms break the integrability of the Manakov equation and numerical simulations including these nonlinearities have demonstrated pulse splitting and inelastic collisions, 31, 37] . We consider the case of weak birefringence, neglecting group velocity birefringence and higher order dispersions.
Many applications of single-mode bers require transmission of a stable state of polarization. In PDM, to reduce tail-tail interactions and increase soliton packing, solitons are sent in sequences with polarizations alternating between the fast and slow polarization axis. While the slow wave enjoys all the stability properties of the NLS soliton, in the non-integrable case it was discovered numerically 6] that the fast wave can experience what is termed the polarization mode instability, which leads to loss of linear polarization. It has been common to neglect the FWM, arguing that the polarization axis change rapidly or even stochasticly with propagation distance. However, for soliton collisions and applications where polarization holding is desired the polarization axis can be assumed constant with distance. Moreover we show rigorously that the FWM produces sensitive, leading-order e ects on the stability of fast wave.
The linearization of the perturbed equations about the fast wave yields a two-parameter family of non-self adjoint operators with a rich structure. In the integrable case there are eigenvalues embedded in the essential spectrum, stability of the fast wave depends upon the fate of these embedded eigenvalues under the continuous perturbations of XPM and FWM. In a beautiful construction, Grillakis 12] showed that arbitrarily small, relatively compact perturbations could eject embedded eigenvalues and produce instability. However the construction is in a sense unnatural, involving delta functions in the spectral projection, and it has been open to speculation whether such eigenvalues could be ejected by continuous terms. We show that this is exactly the case, arbitrarily small perturbations eject the embedded eigenvalues, whose distance to the essential spectrum initially grows quadratically in the coe cient of FWM. This is the mechanism of the polarizational mode instability, and it is in this sense that PDM is CNLS, Los Alamos National Laboratory, Los Alamos, NM 87545, USA y Department of Mathematics and Statistics, Simon Fraser University, Burnaby, BC V5A 1S6, Canada. 1 2 YI A. LI AND KEITH PROMISLOW structurally unstable. We also nd edge bifurcations, a special case in which the branch points of the essential spectrum eject eigenvalues. Our analysis combines two analytical tools in a novel way, the Evans function for the linearization and a Dirichlet expansion on the stable manifold of the associated rst order eigenvalue problem. The Evans function is an analytic function whose zeros coincide with the eigenvalues of the operator up to algebraic multiplicity. It has recently been the focus of considerable attention, having proven its e ectiveness as an analytical tool for eigenvalue problems, see 16, 17] and the references therein. The works just cited, and particularly 16], develop techniques to calculate the rst non-zero derivative of the eigenvalues with respect to the bifurcation parameters. In the analysis at hand we require the second non-zero derivative, and this is the rst such computation known to the authors. Indeed, the detailed description of the motion of the eigenvalues, provided in the sequel, is testimony to e cacy of the Evans function. In previous work 21], we investigated the issues of structural stability of these waves, but the functional analytic techniques employed failed to shed light upon the fate of the embedded eigenvalues.
The Evans function and Dirichlet expansion is a particularly e ective combination in the nearintegrable regime, it also admits analysis when the perturbations are not small. Indeed, even far from the integrable case, the Dirichlet expansion gives a constructive formulation of the Evans function, rendering a transparent analytic extension into the essential spectrum. We exploit this construction to develop a hybrid numerical scheme which e ciently yields an accurate computation of the Evans function, making possible a detailed resolution of the eigenvalue problem. Indeed we present a sequence of bifurcations common to several families of operators arising as linearizations about traveling waves of integrable systems under Hamiltonian perturbations 2, 25, 30] . Consider a linear operator whose spectrum is symmetric about the real and imaginary axis, and whose essential spectrum, of positive Krein sign (see 12]) takes the form n i > 0 o with branch points at i 0 , and an exposed neck (?i 0 ; i 0 ) of the imaginary axis containing the origin. Negative Krein sign eigenvalues embedded in the essential spectrum may bifurcate out under the in uence of the perturbative terms. Symmetric groups of four eigenvalues, f ; ; ? ; ? g, are ejected from the essential spectrum and pass through the complex plane with increasing values of the bifurcation parameter. Depending upon the length of the exposed neck, the eigenvalues may recombine in pairs either upon the real axis, upon the exposed neck of the imaginary axis, or, in a critical case, all four may arrive at the origin simultaneously. We call this phenomena a neck bifurcation, see Figures 1 and 2 and the discussion of section 5 for a detailed description. For the underlying equation, this bifurcation may manifest itself as an oscillatory instability under small perturbation, stability under moderate perturbations, with yet larger perturbation leading to non-oscillatory instability. This paper is organized as follows. In section 2 we introduce the coupled nonlinear Schr odinger systems (CNLS), the traveling waves, and their associated linearized operators, recalling the previously obtained results. In section 3 the eigenvalue problem is set up and the Dirichlet expansion solutions are constructed. The essence of our analysis lies in section 4, where we introduce the Evans function and obtain the main results, Theorems 4.3 and 4.5, which describe the asymptotic motion of the embedded eigenvalues under small perturbations. In section 5 we address the far from integrable case and provide new, rigorous-numerical results on the stability in this case, in particular we trace the parameter dependence of the unstable eigenvalues, nd the structurally stable regimes, and introduce the neck bifurcation.
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where the coe cient > 0 is the phase velocity di erential between the two polarizations, the XPM and FWM coe cients, A and B respectively, are positive and satisfy A + B = 1: The complex valued solution (u; v) T We call these the "up" and "down wave", respectively, in analogy to the "up" and "down" states of a pendulum. It is well known that the down, or slow wave as it is called in the optics community, is the ground state of the Hamiltonian system and is orbitally stable, see 13]. The up wave, or fast wave, is not a ground state and may be linearly unstable. Our goal is to lay transparent the mechanism which leads to the instability of the up wave as B changes from zero. Addressing the linear stability of the up-wave, we rescale asx = x and drop the~and the subscript from the phase velocity ! = ! 1 for which zero is an eigenvalue of L 2 of multiplicity two or four. For xed small enough and B = B c ; the multiplicity is two and the eigenvalues arrive at zero from the real axis as B increases to B c ( ). For close enough to 1, the multiplicity is again two but the eigenvalues arrive at zero along the imaginary axis as B increases to B c , and for at least one value of , the multiplicity is four and the eigenvalues f ; ; ? ; ? g arrive symmetrically, one from each quadrant of the complex plane.
In the next two sections we extend these results signi cantly, localizing the point spectrum of L 2 by computing leading order asymptotics of its eigenvalues for B small, in particular at the embedded eigenvalue and the branch points. The rst step is the development of a Dirichlet expansion, given by Theorem 3.2, which constructs solutions of the linearized eigenvalue problem (2b) satisfying one-sided boundary conditions. In the following theorem we construct solutions of (3.1) with the prescribed asymptotic behavior. (?1) k k~ n?k z 2n ; (3.6) where the matrices A n are given by A n = for all n > 0 and some constant C = C( ): We assume that j~ k j Mk p for some p > 0 and all positive integers k < n, and show that j~ n j Mn p if p is large enough, independent of n. This establishes the polynomial growth of the~ n in n and the uniform convergence of the Dirichlet expansion for x x 0 for any x 0 > 0. Apply the triangle inequality, the bound on kA ?1 n k, and the inductive hypothesis to The properties of the Evans function are given in the following theorem. Remark: The zeros of the extended Evans function which lie outside the domain do not necessarily correspond to eigenvalues of L 2 : Also the symmetries E( ) = E( ) and E( ) = E(? ) do not hold for outside of :
In the sequel we will view as xed, and write E = E( ; 
The operator L 2 has exactly two eigenvalues = i 1 ? 2 2 which correspond to the localized eigenvectors given by (3.5).
Proof: We use the explicit formula (3.5) for the functions Y j ; j = 1; : : : ; 4: The Evans function has exactly two zeros, which lie on the boundary of . As such they may not correspond to localized eigenvalues, but for = inspection of the formula (3.5) shows that the eigenvector is localized in space.
Each of the eigenvalues moves with changes in B. From the symmetry of the spectrum of L 2 , it is su cient to study the path of the eigenvalues bifurcating from + : We will focus on the eigenvalue in the closed rst quadrant of the complex plan, denoting it as (B) = (B; ): Recall that (0; ) = + is embedded in the essential spectrum of L 2 for 0 < 1 p 2 . We calculate the derivatives of (B), for xed , via the implicit function theorem. From the Dirichlet expansion formulas we know that jY jB (x)j decays as e ?( j+2)x as x ! 1 for j = 1; 2; and similarly jY jB j decays as x ! ?1 for j = 3; 4. We let x j ! 1 for j = 1; 2 and x j ! ?1; for j = 3; 4: The second term on the left-hand side converges to zero in each case as jxj ! into the formula (4.11) leads to, after some computation given in the appendix, the following equality Proof: The asymptotic formula for B small and 2 (0; 1 p 2 ) follow from the preceding discussion. The uniqueness of the eigenvalue in the open rst quadrant follows from the fact that there is at most one set of four strictly complex eigenvalues, as observed in Section 2. For 2 ( 1 p 2 ; 1), Corollary 1 indicates that the eigenvalues are isolated and simple. Since the spectrum is symmetric with respect to the imaginary axis, the eigenvalues can only leave the imaginary axis in pairs, which necessitates collision with another eigenvalue, or the essential spectrum. Thus the eigenvalues are trapped upon the imaginary axis for B small enough, all the derivatives of with respect to B have zero real part at B = 0 and the formula (4.8) holds.
We now address the case when the embedded eigenvalues = i 1 4 there is an eigenvalue at 0 whose multiplicity is either two or four. We nd ve distinct cases, Of the four eigenvalues of the point spectrum, we denote by 1 (B; ) the eigenvalue of largest real part, and when two have the same real part, the one with smallest positive imaginary part. An eigenvalue which is not a symmetry of 1 will be denoted 2 . When 1 is purely real or imaginary it is also the eigenvalue of L 2 of negative Krein sign. 
